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ϕ(r)
mm′ϕ(r) r > 0

m, m′
ϕ(r)

r ϕ(r) −→
r→+∞ 0 ϕ(0)

ϕ(0) = +∞
ϕ(r) r < r′

0 ≤ λ ≤ 1 ϕ
(
(1− λ)r + λr′

) ≤ (1− λ)ϕ(r) + λϕ(r′)
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δ > 0 r < r′ ϕ(r)− ϕ(r + δ) > ϕ(r′)− ϕ(r′ + δ)

ϕ(r) = r−α 0 < α < 3
α

N m1, . . . ,mN

ϕ(r) r > 0
ϕ(r) N !/2

ϕ(r) = r−α 0 < α < 3
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1. Homographic Orbits, Central Configurations

1.1. The equations in the planar case

1, . . . , N

mj¨j = −
∑
k �=j

mjmkϕ(rj,k)
j − k

rj,k
, j = 1, . . . , N ,

rj,k = ‖ j − k‖

N∑
j=1

mj j = 0 ,

N∑
j=1

mj ˙ j = 0 ,

N∑
j=1

j ∧mj ˙ j = Γ .

Γ
z Γ zj = 0

ξ1, . . . , ξN N

j = �Rθξj , Rθ =

(
θ − θ
θ θ

)

�(t), θ(t)
�(t) = �0

θ̇ = ω
ω

θ(t) = θ0

�(t)
�(t) θ(t)
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ξ1, . . . , ξN
�(t), θ(t)

d

dt
�2θ̇ = 0 , θ̇ =

L

�2
,

L rj,k = ‖ξj − ξk‖(
�̈− L2

�3

)
ξj = −

∑
k �=j

mkϕ(rj,k�)
ξj − ξk
rj,k

, j = 1, . . . , N .

1.2. Planar Central Configurations

Ψξj =
∑
k �=j

mkϕ(rj,k)
ξj − ξk
rj,k

, j = 1, . . . , N .

Ψ > 0

ξ1, . . . ξN Ψ

Rαξ1, . . . ,Rαξn Rα

α Ψ
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σ > 0 ξ1 = σξ′1, . . . , ξN = σξ′N
rj,k = σr′j,k

σΨ ξ′j =
∑
k �=j

mkϕ(σr
′
j,k)

ξ′j − ξ′k
r′j,k

,

(
ξ′j − ξ′k
r′j,k

=
ξj − ξk
rj,k

)

Ψ L
ω

L2/�30 = Ψ �= 0 �0
ω = L/�20

ω = L = 0 Ψ
ψ(�)

L
ω(t) = θ̇ Ψ

ψ(�)

ψ(�)ξj =
∑
k �=j

mkϕ(�rj,k)
ξj − ξk
rj,k

, j = 1, . . . , N ,

ξ1, . . . ξN

(
�̈− L2

�3

)
= −Ψ .

�̈ = �̇ = 0
L2/�30 = Ψ θ̇ = ω =

√
Ψ/�0

L = 0
rj,k �(t)

�
ξ Ψ � ξ

Copyright © FrancoAngeli. 
This work is released under Creative Commons Attribution Non-Commercial – No Derivatives License. 

For terms and conditions of usage please see: http://creativecommons.org.



2. Collinear central configurations

ξ1, . . . , ξN

θ
ξ = (ξ1, . . . , ξN ) ξ1 < . . . < ξN

N
m1ξ1 + . . .+mNξN = 0

� = 1
ξ

ξ rj,k = |ξj−ξk|
k j ±mjmkϕ(rj,k)

j < k ξ1, . . . , ξn
mj

Ψξj =

j−1∑
k=1

mkϕ(rk,j)−
N∑

k=j+1

mkϕ(rj,k) , j = 1, . . . , N ,

Ψ

j = 1 j = N

n = N − 1

δj = rj,j+1 = ξj+1 − ξj , j = 1, . . . , n ,

j < k rj,k = ξk − ξj = δj + . . . + δk−1

δ = (δ1, . . . , δn)
δj > 0 ξ

j

Qj(δj) = Ψδj − (mj +mj+1)ϕ(δj) ,

Gj(δ) = −
j−1∑
k=1

mk

[
ϕ(rk,j)− ϕ(rk,j + δj)

]

−
n+1∑

k=j+2

mk

[
ϕ(rj+1,k)− ϕ(δj + rj+1,k)

]
.
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Gj(δ)
j = 1 j = n + 1 = N

n

Qj(δj) = Gj(δ) , j = 1, . . . , n .

� = r1,n+1 =
∑n

j=1 δj

Q̂(�) = Ĝ(δ) ,

Q̂(�) = Ψ�− (m1 +mn+1)ϕ(�) ,

Ĝ(δ) =

n∑
k=2

mk

[
ϕ(rk,n+1) + ϕ(r1,k)

]
.

Ψ > 0
� δ

Gj(δ) G1(δ)
Gn(δ)

∑n
j=1Gj(δ)

−
n∑

j=2

j−1∑
k=1

mk

[
ϕ(rk,j)− ϕ(rk,j+1)

]− n−1∑
j=1

n+1∑
k=j+2

mk

[
ϕ(rj+1,k)− ϕ(rj,k)

]

= −
n−1∑
k=1

mk

n∑
j=k+1

[
ϕ(rk,j)− ϕ(rk,j+1)

]− n+1∑
k=3

mk

k−2∑
j=1

[
ϕ(rj+1,k)− ϕ(rj,k)

]

= −
n−1∑
k=1

mk

[
ϕ(rk,k+1)− ϕ(rk,n+1)

]− n+1∑
k=3

mk

[
ϕ(rk−1,k)− ϕ(r1,k)

]
.

j
rk,k+1 = δk

(mj + mj+1)ϕ(δj)
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Ψ > 0

Ψ

ϕ(r)
Ψ > 0 m1, . . . ,mN

2.1. Preliminary general facts

δ
R
n
+ R

n

Δj n− 1 δk k �= j

Δj = {δ1, . . . , δj−1, δj+1, . . . , δn}.
Δj Δj

δj

Qj(δj) Q̂(�)

δj→0
Qj(δj) = −(mj +mj+1)ϕ(0) ,

δj→+∞
Qj(δj) = +∞ ,

�→0
Q̂(�) = −(m1 +mn+1)ϕ(0) ,

�→+∞
Q̂(�) = +∞ ,

ϕ(0)
ϕ(r)

Δj Gj(δ)
δj

δj→0
Gj(δ) = 0 ,

δj→+∞
Gj(δ) = −

j−1∑
k=1

mk

[
ϕ(rk,j)

]− N∑
k=j+2

mk

[
ϕ(rj+1,k)

]
,
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0

wj(Δj)

Gj(δ)

Ψδj

δ+j δj

Qj(δj)

0
��−

Ĝ(δ)
Ψ�

Q̂j(�)

Fig. 1 – Illustrating the argument of proof of Lemmas 10 and 11. Left: the
functions Qj(δj) and Gj(δ), with Δj fixed, with the intersection wj(Δj) and
the upper bound δ+j . Right: the function Q̂(�) and the lower bound �−; Ĝ(δ) is
positive, and its graph lies in the gray band.

k �= j Δk Gj(δ)
δk

Ĝ(δ)
� → 0

Ĝ(δ)→ 0 rj,k +∞
rj,k

ϕ(r) h

ϕ(h)− ϕ(h+ δj)

{
= 0 δj → 0 ,

= ϕ(h) δj → +∞ .

ϕ(r)

Gj(δ)
ϕ(h)−ϕ(h+ δj) h > 0

rk,j k < j rj+1,k j+1 < k δj Δj

h
δj Gj(δ)
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Gj

ϕ(h+ δj)− ϕ(h) ϕ(h+ δk + δj)− ϕ(h+ δk) ,

h > 0 δ δj δk
δk Gj

δk < δ′k
ϕ(r)

ϕ(h+ δk)− ϕ(h+ δk + δj) > ϕ(h+ δ′k)− ϕ(h+ δ′k + δj) .

Gj(δ)

Ĝ(δ) ϕ(rjk)

� → 0 ϕ(rj,k) → ϕ(0) j, k
rj,k → +∞ ϕ(rj,k) → 0

Qj(δj)

Gj(Δj) Q̂(�) Ĝ(δ)

Ψ > 0
�−< �+ �

�−< � < �+ .

j = 1, . . . , n δ−j < δ+j
n

Π = (δ−1 , δ
+
1 )× . . .× (δ−n , δ

+
n ) .

Q̂(�) = 0
�− �−< � Gj(δ)

δ+j Qj(δj) = 0

δj < δ+j � < �+ =
∑n

j=1 δ
+
j

δ−j ϕ(0)

ϕ(0) = +∞ ∑
j δj ≥ �− > 0
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δj

Gj(δ) = −mj−1

[
ϕ(δj−1)−ϕ(δj−1+δj)

]−mj+2

[
ϕ(δj+1)−ϕ(δj+δj+1)

]
−

j−2∑
k=1

mk

[
ϕ(rk,j)− ϕ(rk,j + δj)

]

−
n+1∑

k=j+3

mk

[
ϕ(rj+1,k)− ϕ(δj + rj+1,k)

]
.

ϕ(r)

ϕ(δj−1)− ϕ(δj−1 + δj) > ϕ(rk,j)− ϕ(rk,j + δj) ,

ϕ(δj+1)− ϕ(δj + δj+1) > ϕ(rj+1,k)− ϕ(δj + rj+1,k) .

μ1 = νn = 0

μj = m1 + . . .+mj−1 j > 1 ,

νj = mj+2 + . . .+mn+1 j < n .

δ

Gj(δ) > −μj

[
ϕ(δj−1)−ϕ(δj−1+δj)

]− νj
[
ϕ(δj+1)−ϕ(δj+δj+1)

]
.

j = 1, . . . , n

Ψδj − (mj +mj+1)ϕ(δj) = −μj

[
ϕ(δj−1)− ϕ(δj−1 + δj)

]
−νj

[
ϕ(δj+1)− ϕ(δj + δj+1)

]
;

Gj(δ)
δ′

δ∗ δ′j < δ∗j
δ′j > 0 j = 1

Ψδ1 − (m1 +m2)ϕ(δ1) = −ν1
[
ϕ(δ2)− ϕ(δ1 + δ2)

]
.

δ1 → 0 −∞
δ2 → 0
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j > 1
δ−j

δ−
δ−j = �−/n G−

j (δj) δj

G−
j (δj) = −μj

[
ϕ(δ−j−1)−ϕ(δ−j−1+δj)

]−νj[ϕ(δ−j+1)−ϕ(δj)+δ−j+1

]
.

δj > δ−j Gj(δ) > G−
j (δj)

δ−

j = 1, . . . , n

Σj =
{
δ ∈ R

n
+ : Qj(δj) = Gj(δ)

}
, j = 1, . . . , n .

Σj

Δj δj = wj(Δj)
0 < δj < δ+j

Δj

Qj(δj) Gj(δ)
δj Δj wj(Δj)

Σj

wj(Δj) < δ+j

k �= j Δk wj(Δj)
δk δ−k ≤ δk ≤ δ+k

Σj ∩Π
(
δ−k , wj(δ

−
k )

) (
δ+k , wj(δ

+
k )

)

δ−j < wj(Δj)
∣∣∣
δk=δ−k

< δ+j , δ−j < wj(Δj)
∣∣∣
δk=δ+k

< δ+j .

δk < δ′k Δj Δ′
j

δk δ′k δj = wj(Δj) Qj(δj)
− Gj(δ) δk → δ′k

Qj(δj) = Gj(δ)

n = 2
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δ′j = wj(Δ
′
j) > wj(Δj) δk ∈ [δ−k , δ

+
k ]

Σj ∩ Π Δk (
δ−k , wj(δ

−
k )

) (
δ+k , wj(δ

+
k )

)
[δ−k , δ

+
k ] × [δ−j , δ

+
j ]

δ−j < wj(δk)

δ ∈ Σj∩Π δk = δ−k Gj(δ) > G−(δj)

Σj

Σj =
{
δ ∈ R

n : δj = wj(Δj)
}
.

Σj

2.2. The case of three bodies

N = 3 n = 2

Ψδ1 − (m1 +m2)ϕ(δ1) = −m3

[
ϕ(δ2)− ϕ(δ1 + δ2)

]
,

Ψδ2 − (m2 +m3)ϕ(δ2) = −m1

[
ϕ(δ1)− ϕ(δ1 + δ2)

]
.

(δ∗1 , δ∗2)
Π = (δ−1 , δ

+
1 )× (δ−2 , δ

+
2 )

δ1 δ2
j = 2 Δ2 = {δ1}
w1(δ2) w2(δ1)

Π

Σ2

w2(δ1)

w2(δ1) δ1 → 0
δ1 ≥ δ−1
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δ+2

0

δ+2

δ+1

(δ∗1, δ
∗

2)

0

δ+2

0 0
δ+1

(δ∗1, δ
∗

2)

δ+1

Σ2

(δ∗1, δ
∗

2)

δ+1

δ−1

Σ2

Σ1

Σ1

Σ2

Σ1

δ−1 δ−1

δ−1 δ−1

δ−2

δ−2 δ−2

δ−2
Σ1

Σ2

(δ∗1, δ
∗

2)

(δ′1, δ
′

2)

δ+2 (d)(c)

(b)(a)

Fig. 2 – Schematic representation of the curves Σ1, Σ2 defined by Equations
Q1(δ1) = G1(δ1, δ2) and Q2(δ2) = G2(δ1, δ2), inside the rectangle Π. The
four panels suggest some possible layout of the graphs.

ϕ(0) = +∞
δ1 → 0 δ2 → 0

δ2→0w1(δ2)
ε > 0 ϕ(r) = ϕ(ε) r < ε δ1 → 0

ϕ(0) ϕ(ε)
δ′1 = w1(0) ε ε → 0 δ1 < ε
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ϕ(δ2) � m1

m1 +m2 +m3
ϕ(δ1) .

δ1 w2(δ1) > δ1 δ2 → 0

Σ1 w1(δ2)
δ2 → 0

Σ1 ∩ Σ2

Σ1∩Σ2

− Σ1 ∩ Π
Π Σ2 ∩Π

δ′ ∈ Σ1 ∩ Σ2 δ∗ �=
δ′ δ∗ δ′

δ′1 ≤ δ∗1 δ′2 > δ∗2 δ′1 > δ∗1 δ′2 >
δ∗2

δ∗ δ′ � = δ1 + δ2

Ψ�− (m1 +m3)ϕ(�) = m2

[
ϕ(δ1) + ϕ(δ2)

]
,

�∗ = δ∗1 + δ∗2 �′ = δ′1 + δ′2
δ1 δ2

ϕ(r)

ϕ(r) = r−2

n = 2 � = ξ3 − ξ1 δ1 = σ
δ2 = �− σ

Ψσ − (m1 +m2)ϕ(σ) = −m3

[
ϕ(�− σ)− ϕ(�)

]
,

Ψ(�− σ)− (m2 +m3)ϕ(�− σ) = −m1

[
ϕ(σ)− ϕ(�)

]
.
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(�−σ) σ

(m1 +m2)(�− σ)ϕ(σ)−m3(�− σ)
[
ϕ(�− σ)− ϕ(�)

]
= (m2 +m3)σϕ(�− σ)−m1σ

[
ϕ(σ)− ϕ(�)

]
.

x = σ/� x ∈ (0, 1) ϕ(r) = 1
r2

m1 +m2(1− x)

x2
− m3 +m2x

(1− x)2
= m1x−m3(1− x) .

(m3 +m1)x
5 − (3m3 + 2m1)x

4 + (3m3 + 2m2 +m1)x
3

− (3m2 +m1)x
2 + (3m2 + 2m1)x−m1 −m2 = 0 .

� δ1 δ2
Ψ

−

2.3. Proof of Proposition 8

N > 3
Σj

F (δ)
∣∣
Σj

F (δ)

Σj F (δ)
∣∣
Σj

= F (δ)
∣∣
δj=wj(Δj)

,

δj n− 1

Ω1 = Σ1 , Ωs = Ωs−1 ∩ Σs s = 2, . . . , n .

{Ωs}
n − s δ∗
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δs = w̃s(Δ>s)

w̃1(Δ≥s)
...

w̃s−1(Δ≥s)

δs = w′s(Δ≥s)

w′s+1(Δ≥s)
...

w′n(Δ≥s)

w̃1(Δ>s)
...

w̃s−1(Δ>s)

w′s+1(Δ>s)
...

w′n(Δ>s)

w̃s(Δ>s)

ΩsΩs−1 operation

=⇒

Fig. 3 – Schematic representation of the recurrent proof of Proposition 8

Δ<s = {δ1, . . . , δs−1}
Δ≤s Δ>s Δ≥s

s = 1, . . . , n− 1

w̃j(Δ>s) j = 1, . . . , s ,

w′
k(Δ>s) k = s− 1, . . . , n ;

s

(n − s)− Ωs

s w̃1(Δ>s), . . . , w̃s(Δ>s)
w′
k(Δ>s) w′

k(Δ>s) = wk(Δk)
∣∣
Ωs

Ωs

w′
k(Δ>s)

s = 1 Δ>1 = Δ1

s − 1 = 1

δ1 = w̃1(Δ>1)= w1(Δ1) ;

δk = w′
k(Δ>1)= wk(Δk)

∣∣
δ1=w̃1(Δ>1)

, k = 2, . . . , n .
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δ1 = w̃1(Δ>1)
wk(Δk)

∣∣
Ω1

δ1 Δ>1

δ2 = ws(Δ2)
Σ2 δ2
δ1 δ2

δ2
s = 2, . . . , n−1

Ωs−1

δs = w′
s(Δ>s)

δs δs = w̃s(Δ>s)
w′
s(Δ≥s)
w̃j(Δ≥s)

w′
k(Δ≥s) δs = w̃s(Δ>s)

w̃j(Δ≥s)
∣∣
Ωs

w′
k(Δ≥s)

∣∣
Ωs

Δ>s

s = n δn
δn = w′(δn) δ∗n =

w̃n(δ
∗
n) δ∗j = w̃j(δ

∗
n)

δ∗ = (δ∗1 , . . . , δ∗n)

Π
δs = w′

s(Δ>s)
w̃j(Δ>s) w′

k(Δ>s) s

Δ>s

δs

Qs(δs) = Gs(Δs)

s = 1 w̃1(Δ>1) = w1(Δ1)
w′
k(Δ>1) = wk(Δk)

∣∣
Ω1

δ1 Δ>s

w′
k(Δ>1)

s−1
δs = w′

s(Δ≥s) Δ>s

w′
s(δs;Δ>s)

Δ>s
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w′s(δs)

δ+s

δ′s

δ′′s

δ−s

δ̃s

Fig. 4 – Illustrating the solution of the equation δs = w′
s(Δ>s), for Δ>s fixed,

in the square (δ−s , δ+s )× (δ−s , δ+s ).

[δ′s, δ′′s ] ⊂ [δ−s , δ+s ]

δ̃s
� = δ1+ . . .+δn

δs > δ̃s Δ>s w̃j

δs Q̂(�)

Ĝ(δ)
δs

Δs

ws(Δs) Ω1, . . . ,Ωs−1

w′
s(Δ≥s) = ws(Δs)

∣∣
Ωs−1

Δ≥s

w′(Δ≥s) = ws

(
w̃1(Δ≥s), . . . , w̃s−1(Δ≥s), δs, . . . , δn

)
,

Δ>s

w̃j(Δ≥s)
w′(Δ≥s) Δ≥s

δ̃s(Δ>s)

Δ>s Δ≥s [δ−s , δ+s ]
[δ′s, δ′′s ] ⊂ [δ−s , δ+s ] δ̃s(Δ>s)
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w̃s(Δ>s) = w′
s(Δ≥s)

∣∣∣
δs=δ̃s

.

Δ>s [δ−s , δ+s ]

n− 1
s = n δn = w′(δn)

δ∗n δn = δ∗n
δ∗j

δ∗ = (δ∗1 , . . . , δ∗n)

3. Relative equilibria and stationary orbits

δ∗

ξ1, . . . , ξN δ1, . . . , δn
ξ1 = 0 ξj = ξj−1+ δj j = 2, . . . , N

�
�(t) = �0

θ̇ = ω = L/�20 L L2/�30 = Ψ

�0 = 1

�(t) = 1 , ω =
√
Ψ .

Ψ

N !/2

4. Homographic orbits and homothetic orbits
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Fig. 5 – Collinear solutions of the problem of three bodies. Upper left panel:
ϕ(r) = 1/r2, homographic ellipses. Upper right panel: ϕ(r) = 1/r3/2, homo-
graphic orbits with apsidal precession. Lower left panel: a non-homogeneous
force ϕ(r) = 1/r2 − ε/r3, with ε = 0.225; the orbits are not homographic.
Lower right panel: the time evolution of the ratio |AB| / |BC|.
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